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NONLINEAR TRANSFOfVMT 
H. Ford*. L. R. Hunt*, and R. Su* 


ABSTRACT 

A cachniqus for dasigning automACle flight 
concrollara for aircraft which utillccs eha 
tranafomaCion theory of nonlinear syaleaa to 
linear syataaB ia praacntly being developed at 
NASA Ibos RaaearcH Center. We nention a aethod 
for caking controllable linear ayacema to 
grunovsky canonical fora, and introduce a linear 
approxiaatlon to the nonlinear syatea called ci'c 
aodiflcd tangent aodel. We ahow how thia aodel 
ia eaaily coaputed. Conatrueting the tranafor- 
aation for this aodel enables us to find an ap- 
proxinate transforaation for the nonlinear systcr 

I. INTRODUCTION 

We are interested in deaigiting an automat ir 
f light control aysten for aircraft that have com- 
plex characteristlrs and operational rcgulrenents 
auch as powered-lift STOL and V/STOL copfiguri- 
tions. The teclinique developed is effective f-;>r 
a large class of dynamic sysc«aa that require 
multi-input control and that have highly coupleil 
nonlinear it lea and complex multidiaenaional fligl> 
envolopea. This work is drlvtn by George Meyer’s 
research at NASA Ames Research Center. His cur - 
rent application is to the UH-IH helicopter. 

i'he main idea in our approach is to simplif) 
thi- roprosencation of the plant dynamics by means i 
a diangc of coordinati-o of the state and control. 
First, the given nonlinear syateo is eransfomad 
to a controllable linear systar in Brunovsky [1] 
canonical form. Second, standard linear and non- 
linc.-ir design tcctmiqucr: , such .it Bode plots, po! 
placement, t.QC, and phase plane, are used Co de- 
sign a control law for this simple repraaentacion 
Last, the resulting control law Is transformed 
back out into the criglnal coordinates to obtain 
a control law In terns of available controls. 

Meyer's approach, first outlined in [2], h.i.- 
been applied to several aircraft of increasing 
complexity. The completely automatic flight con- 
trol system was successfully tested on a OHC-6 
(31, and the reference trajectory used exercised 
a suhatantiol part of the operational envelope of 
the aircraft. Next, the technique was applitd to 
the Augneiuor Wing Jet STOL Research aircraft, tin 
convincing flight test results being provided in 
(4). Methods for providing pilot inputs to the 
scheme were examined in [5], and application on 
an A-7 aircraft for carrier landing and testing 
In manned simulation is reported in (6) and ( 7 ). 


Other recent results ate contained in (b], (9], 
and (10] . 

For this paper wa concentrate on tlie trans- 
formation aspect of our design method. .Necessary 
and tufflcianc conditions for a nonlinear system 
to be transformable to a cuntrollable linear 
system in Brunovsky form are presented In (111, 
f’ 2], (13], (141. (15], (16). 

In his early work Meyer considered systems 
that were in block triangular form, and crans- 
formacions for such systems can be conatructed 
as In (21 and (4). The transformation theory in 
(121 applies CO syaccM which are much more gen- 
eral th«i block triangular. At is indicated 
there, finding a transformation depends on solv- 
ing a system of partial differential cquationa. 
which can be reduced to ordinary diffcrenilal 
equations. It ia not always possible to solve 
these equations in closed form, but cases where 
this can be done arc presented in the Ph.D. 
thesis of the first author (17]. Numerlc.il tech- 
niques arc .ilso introduced in clist thesis. In 
additio:. there Is a remarkable technique for 
changing a controllable linear system to Brunovsky 
form which Involves taking no inverse;: of matrices 
ati<! introduces a block trianqular form .-is ah in- 
termediate step. 

For Cases ahere exact transformations cannot 
be found, George Meyer considered const met inq 
approximate transformations hy uning his tangent 
model (18], Recently, we have Introduced the 
modified tangent model and have indicated how to 
construct tha linear part of a transform.it Lon 
ibout a point Xq in state space wicltout knowi.ig 
the actual tranaformat Ion. This modified tangent 
model was first derived in [19] by examining the 
pirtial differential cquati-jns from (12]. In 
addition, vs showed chat ehe same model could be 
found by using the theory of canonical expansions 
of nonlinear systems [20]. 

In this paper we mention the method of (17] 
for taking a linear system to Brunovsky form. 

Next we define the modified tangent n»del (with- 
out going into the partial differential uquatiuns 
or canonical axpanslons) , and indicate how Ford's 
technique can be adapted to change the modified 
tangent model to canonical form. We also show 
how to easily compute the modified tangent model, 
despite the fact that It is drtiiK-d through 
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**Research supported by NASA Ames Research Center under grant NA62-203 
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nonlinear equations. 

Tt ■ IWKLIMEAK TRAHSrOtMATIOKS 
For our nonllnur tystn wt cs(m 

(1) x(e)»f(x(t))+ I u (t)f.(x(t)), 

l-l ‘ 

whore oro C' voctor fields on snd 

Unesrly Indopendcnt (this is 

aaauacd for cunvsnlsr.ce) ■ The tronsfomatlon ra- 
sules froii {12] sro local, anti global theorens 
arc given in {13J. for the sake of notation we 
assuno that this syst»aa is transformabls on all oi 

to the 3runovsky form 

(2) >-{t)“V^V 

with rroucckur Indices ''i _1*'2 i ‘ 
nxn, B^is ruen. By 

(j» ;V:t>’/\x ^ Qu 

we detwte u controilnblf; linear syater; with th<' 
sasic matrix dinionsionB js (2). 

Ut If.gl be the usual Lie bracket for vec- 
tor t'ielde f and g: i.c. 




where and -7^ are Jacobian matrices. We set 

(ad'^f ,6)“g 
(ad4,g)-[f.6l 
(ad'T ,g)« (f , tf ,g]} 

{ad’‘f.g)-[f.(ad‘‘"^f,g)l. 

Let 

K -1 

C“{g^ , [f ,gj^) , • • • .(•<* f ,g2» ••2^ > 

K -1 

...,(ad ^ >£2^ ' ’ ‘ ' 

K -I 

...,(sd® f.g,)} 

•C.-2 

Cj*{g^,[f»g^l,»**«(xd f,g|^),g2>(^iS2 ^'*‘*' 

If -2 

(ad ^ f.g^) 

for j“l , 2 


We want a nonsingular ona-one transformation 
taking system (1) to system (2) that the tuiw 
states (in y space ) are functions uf the old 
scataa (in x spaea ), and the new controls v ars 
functions of both x and u. Thr follow in,; local 
thaorM ia provad in [12], 

Thaorem . Tha nonllnuar aystem (U is tranaforn- 
able to tha lintar systaa (2) if and only if 
(with poaaibta roordering ot tha vector fields 

*1'*2 •«> 

i) the n vector fields In C are linearly 
indepandant , 

ii) tha sets are involuclvc for 
J*l,2,...,m, and 

lii) the span of Cj equals the spsn of CjflC 
for J-1,2 a. 

We aseuM that our syatem (1) aatiafiet 
these three conditions. Befors we consider the 
modified tangent model, wc mention the technique 
from (17] for mowing frosi a controllable linear 
system (3) to Brunovsky canoncisl form (2). 

We begin with (3) and fora the 
matrix 


■ 


A 


0 

0 

• 

m 


An orthogonal coordinate change on K** is computed 
(we actually have a program) to take this matrix 
to ganeralismd lowar Hassenbarg form. In this 
form all alamants above the first m suptrdlngonals 
.ire tero, and for our special case, t)ic two zeros 
in (4) are retained. Ws reaurk that tha Kronecker 
indices, if unknown, can be found in this manner 
(see [21] for a similar method). 


Now the system (3) after this orthogonal 
coordinsec change Is in block triangular form 
[4], It is easy to construct a transformation to 
Brunovsky canonical form. For exampie, in a 
single input system, matr ix (4) is 


(5) 


“11 *12 “ 
*21 *22 “23 


0 

0 


0 

0 


*n-ln 0 

*ni *n2 *n3*‘' **nn ^In 

0 0 0 0 0 . 


Than the map 
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Tj-x^ 

. 3 dT 

S •rr’ », 
^ ’ 1-1 ^ ^ 


■‘■“l2^*21*‘l'^®22*2'*'*23*3^ 


n-l ‘'T, I . 

T -T - i’ — :i 
n n-l axj i 


T -T ■ ^ T " X, 
n+1 ux^ I 


oarrius ayacom (3) 
^a'^n+i 


to aystuLi (2) with 


Ww return to our nonlinear ayatca (1). Clv.jn 
a point Xjj in x-stata space, we wish to approxi- 
laate thls'^systca by a more general linear aysten 
than (3) and construct an approxiaatc transfor- 
mation lor the nonlinear systoa by taking a sy't'.ir 
like (3) to (2). The usual approatli is to lin- 
earise ll) about Xg using the Taylor formula. 

This Is fine If x„ is an equilibrium of f(x) or In 
certain cases (set (I9l for an example). In gen- 
eral, the Tayior approach did not prove advanta- 
cous If we wish to find the llnaar part of an 
actual transformation at Xq. For this ranson we 
introduced the iitudlfted tangent model In (19 J. 


Defin ition. The m odlfle tl tangent model for the 
syatemTT) at Xg Is the Unear system 


(5) x(t)-f(Xg)-AXg+Ax+Bu 


where A Is nxn and B Is nxm and setlsfy 


(6) 


A^'^— ad f , g^^ ) (Xg) , k— 0 
ASj-+(ad’‘f .g^XXg) ,k-0,l *2 

A‘S^-t(ad'‘f ,g^) (Xg) ,k-0,l 


iere we take + for k even and - for k odd. 

A full explanation of the technique of con- 
structing .in upproxlmato transformation by apply- 
ing tiie modified tangent model is presented In 
l'9l. However, here we only wish to Indicate t!ie 
method of solving equations (6) using tha lowar 
Haaaanbarg form mantioned earlier. 

First we check to see if In our Kronecker 
indices or y -^3 or 

Tlirn we form the following out (assuming 


^*j**»* with obvious modlf icatlona noadod 
if any oquallelaa axlat) . 

, •'l •'i-l 

D-{(ad *f,gj)(xp),(ad ^ f.l^)(Xg), 

...,(ad f ,1^} (Xg) ,(ad f.gjHxg), 

*'2”^ t,-l 

(ad f,g^)(Xg),(ad f.gjXxg), 

X. K 

...,(ad ■’f.gj)(Xg),(ad ^f.gjXxg). 

X. X -1 

^•t3X*g)»(ad f.tj^Hxg), 

'"3-1 X -I 

(*d f.g2)(Xg).(ad ^ f.gjHxg), 

• • • ‘*1^*0^ .tjCXg) • • iB^fXg) )• 

Now wa define an (n-H#)x(n-Hs) matrix whoae 

•f, 

flrat column is (ad f,gj)(Xg) followed by m 
zeros, second column is the second clement of D 
followed by m zeros ,... ,n^'* column is !hc n^** 

element of 0 followed by m zeros, (n+L)^^ tolunn 
1“ $i(*n) aoJ « xcros,,..,ljst column U q (x.) 

^ A 0 

and m zeros. As before, there Is an ortiiogonal 

coordinate change on »” which takes our (nlei)x 
matrix tu generalized lower Heasenberg 
form. Thus we retain the zeros in the last m 

rows and all olemcfit:- .il)ove the m^*' superdiagunal 
ore zero. No generality Is lost in assuming that 
\ and B in (6) start in thl.n form, since wc can 
easily compute the orthogonal transformation and 
its inverse (transpoae) . 

The equa..lonB in the following process are 
solvable because the set C in our Theorfem con- 
sists of linearly independent vector fields. We 
know 



where * indicates a possible nonsaro entry, and 

the first * in b, I.- In the (n-m+I)*** row. From 
(6) we t.ikft 
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wUh Cha fttit • In the coluan bainf *t th« 
(n-a)*** laval. «a have 





,a are easily c<»Bput«l. In tha 

___ Ml 

saaa fiishlon, Ab_ , — U.g, 1 1CxJ ylalda, 

Ab -U.R.J(Xo> ytoWs .«:(n.«+l) 

*n (n-m+l)‘ 


Next wc examine 


A\-(ar'f,gJ(xQ) 

if the vector field cn the right hand side is in 
0. We write this as 

A^hj^-A( — A( (ad^’f ,gjg) (Xq) -( ad^f ,g^) (Xq) , 

and compute *»2(n-m) * ' * ‘ ’*n(n-a) ' 

uing in this way wa solve tor every entry Ir A, 
and the method Just described can ba laplaaanted 
on a computer. 

Hence the modified tangent modal is easily 
found dusplte the foraldabla appearing nonlinear 
equations defining it. As aantloned earlier, we 
can ennatcuct an approxtaata transformation from 
this model. 


111. CONCiUSIOK 

Va have defined an approximating syatam to a 
nonlinear system called the modified tangent 
model. A technique to solve for this model has 
bean presant^. Once such a model is found, an 
approximating transformation to take the nonlincnr 
system to Brunovsky form can be constructed. 
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